Abstract. We show how Artin-Hasse exponentials of nilpotent derivations can be used to produce new cyclic gradings of non-associative algebras of prime characteristic from a given one. We discuss the connection with the technique of switching tori (and, consequently, the associated root space decompositions) in restricted modular Lie algebras. However, differently from toral switching, our method can produce gradings over cyclic p-groups of order higher than p. In particular, we apply it to construct cyclic gradings of the Zassenhaus Lie algebra of dimension p n , for p > 3.
Introduction
The exponential series is a classical device to relate derivations and automorphisms of a non-associative ring. It is particularly effective for an algebra A (nonassociative in this paper) over a field of characteristic zero: if D is a nilpotent derivation of A, then exp(D) = ∞ i=0 D i /i! is a finite sum, and defines an automorphism of A (see [10, p. 9] ). In case A is a topological algebra, the assumption that D is nilpotent (or locally nilpotent) can often be dropped in favour of suitable convergence conditions.
For algebras over fields of prime characteristic p the exponential series does not make sense in general, because the denominators vanish except for the first p terms of the series. Several ways around this problem have been devised, notably in the theory of modular Lie algebras. For example, if the derivation is assumed to satisfy Nevertheless, the (truncated) exponential exp(D) of a derivation D satisfying D p = 0 enjoys to some extent a property which is obviously satisfied by any algebra automorphism, namely that of sending a grading of the algebra into another grading. In fact, this holds provided D is homogeneous with respect to the grading, and p times the degree of D equals the identity in the grading group, as stated more formally in Theorem 2.3 (which is a special case of Theorem 1 below). Recall that a grading of A is a direct sum decomposition A = g∈G A g , where G is an abelian group and A g A h ⊆ A g+h holds (if the group is written additively).
In absence of the assumption D p = 0, the best substitute for the exponential of a derivation in prime characteristic appears to be its Artin-Hasse exponential E p (D) (defined in Section 2), rather than the truncated exponential. In fact, the abovementioned good behaviour of exponentials of derivations D satisfying D p = 0 with respect to certain gradings carries over to Artin-Hasse exponentials of nilpotent derivations. Here is a more precise statement, which we prove in Section 2. The proofs become more transparent in this more general setting.
Theorem 1. Let A =
i A i be a non-associative algebra over a field of prime characteristic p, graded over the integers modulo m. Suppose that A has a nilpotent graded derivation D of degree d, with m | pd. Then the direct sum decomposition A = i E p (D)A i is a grading of A over the integers modulo m.
We mention in passing that Artin-Hasse exponentials of derivations play some role in Gerstenhaber's deformation theory of algebras, in the case of ground field of prime characteristic. This is related to their property described in Theorem 1, as we explain in Remark 2.4.
In Section 4 we deal with the relationship between the exponential of a nilpotent derivation D of a non-associative algebra A and the exponential of the derivation ad D of Der(A), the Lie algebra of derivations of A. Derivations and automorphisms are primary sources of gradings for an algebra A over a field F, as we recall briefly. Assuming for simplicity that A is finitedimensional, if D is a derivation of A having all characteristic roots in F then the corresponding generalized eigenspace decomposition A = α∈F A α , where A α = {x ∈ A : (D − α · id) i x = 0 for some i}, is a grading of A over (a finitely generated subgroup of) the additive group of the field F. When A is a Lie algebra and D is an inner derivation of A this is a special case of the root space decomposition of A with respect to a nilpotent subalgebra. However, over the complex field this special case is sufficient to recover a Cartan decomposition of A, with an appropriate choice of a. In a similar fashion, given an automorphism of A with all its characteristic roots in F, the corresponding generalized eigenspace decomposition A = α∈F * A α is a grading of A over the multiplicative group of the field F. Conversely, any grading of the form A = α∈F A α (or A = α∈F * A α ) is the eigenspace decomposition with respect to a suitable derivation (or automorphism, respectively) of A, defined by setting x → αx for x ∈ A α and extending linearly.
When F is the complex field, the latter method of constructing gradings encompasses the former, by replacing a derivation with the exponential of a suitable scalar multiple of it (the scalar being introduced in order to keep the grading group free). The latter method is used in [11] for semisimple finite-dimensional complex algebras. In the modular case, however, the scopes of the two methods are disjoint: the derivation method can only produce gradings over groups of exponent the characteristic p (being subgroups of the additive group of F), while the grading groups obtained via the automorphism method have trivial p-torsion (being subgroups of the multiplicative group of F). Putting the two methods together, that is, considering a simultaneous generalized eigenspace decomposition with respect to a set of commuting derivations and automorphisms, one can realize (over a sufficiently large modular field) any prescribed grading of A over a (finitely generated) group with no elements of order p 2 . The exponential connection between derivations and automorphisms is useless here: if the derivation has to satisfy the restriction D (p+1)/2 = 0 to insure that exp(D) is an automorphism, each of D and exp(D) will have a single eigenvalue on A (namely 0 and 1), and will yield the trivial grading.
Gradings over cyclic p-groups of order greater than p do occur in practice, however. Here we refer to gradings which are genuinely over such groups, in the sense that they cannot be obtained from gradings over a larger cyclic p-group (or an infinite cyclic group) by merely viewing the degrees modulo a subgroup. One remarkable instance is the Zassenhaus algebra W (1 : n). This is a Lie algebra of dimension p n over a field of characteristic p (see Example 5.3 for a definition) and has natural gradings over the integers, and over (the additive group of) the field of p n elements. A suitable application of Theorem 1 to the former grading produces the following result.
Theorem 2. For every 0 < r ≤ n, the Zassenhaus algebra W (1 : n) in characteristic p > 3 has a (Z/p r Z)-grading which cannot be obtained from any (Z/mZ)-grading with m = 0 or a power of p greater than p r by viewing the degrees modulo p r .
A note about the wording of Theorem 2, which expresses the fact that the new grading is genuinely over Z/p r Z, and does not arise from a grading of a larger group in a trivial way: as a consequence of the Chinese remainder theorem, any (Z/p r Z)-grading of a ring can always be obtained in a trivial way from a suitable (Z/kp r Z)-grading by reduction of the degrees modulo p r , for any choice of k prime to p (unless we insist that the degrees of the elements of the ring generate the grading group).
We prove Theorem 2 in Section 5, after illustrating with some examples (one of which is used in the proof) how Theorem 1 can be exploited for the construction of new gradings of algebras from given ones. Another application of our results similar to Theorem 2 appears in [1] , where the Artin-Hasse exponential of a nilpotent derivation is employed to produce a certain cyclic grading of a Hamiltonian Lie algebra H(2 : n; ω 2 ).
We have mentioned above how important gradings of Lie algebras arise from nilpotent subalgebras as root space decompositions. In case of restricted modular Lie algebras, one can take tori (that is, abelian p-subalgebras consisting of semisimple elements) instead of just nilpotent subalgebras. A fundamental technique called toral switching and originally due to Winter [18] uses maps similar to exponentials to produce a new torus and, correspondingly, a new grading, from a given one. In Section 3 we recall some details of this technique and describe its connection with the grading switching given by Theorem 1.
We are grateful to the referee for suggesting an improved presentation of the paper and for asking a couple of questions which we answer in Remark 2.4 and Section 3.
Artin-Hasse exponentials, derivations and gradings
Let A be a non-associative algebra over a field of prime characteristic p, and let D be a derivation of A. Lemma 2.1. Let A be a non-associative algebra over a field of prime characteristic p, with a derivation D such that
Because of the assumption
and so the ordinary exponential coincides with the truncated exponential. However, Lemma 2.1 (unlike the obstruction formula (1.1)) becomes false if we replace the exponential series with the truncated exponential and drop the assumption D p = 0. In fact, the correct generalization of Lemma 2.1 involves the Artin-Hasse exponential rather than the truncated exponential, as we state in Theorem 2.2. Before recalling the definition of the Artin-Hasse exponential series and proving the corresponding generalization, we make some comments on Lemma 2.1 and its consequences.
Since
in the second member of (2.1) can be rewritten as
This sum consists of all terms of lowest degree in D (that is, those corresponding to k = p) in the obstruction formula (1.1). According to equation (2.1), an application of exp(D) to this sum recovers the whole right-hand side of the formula.
This observation has a remarkable consequence. Roughly speaking, although exp(D) may fail to be an algebra automorphism, the location of this failure according to equation (2.1) is somehow more under control than it would appear from the obstruction formula (1.1). This allows us to show that one feature of automorphisms, that of sending any grading of A into another grading, is also enjoyed by exp(D) to some extent. This is the content of Theorem 2.3 below, but now we pursue the generalization which allows us to relax the assumption D p = 0 of Theorem 2.3 to the bare nilpotency assumption of Theorem 1.
The Artin-Hasse exponential series is defined as
The infinite product makes sense because only a finite number of factors are needed to compute the coefficient of a given power of X in the result. 
since the factor of the infinite products corresponding to i = 0 would be
has only terms of total degree a multiple of p. Furthermore, all terms of positive degree are multiples of XY .
After substituting the operators D ⊗ id and id ⊗ D for X and Y and evaluating on an element of A ⊗ A of the form x ⊗ y we obtain that
is a (finite, since D is nilpotent) linear combination of terms of the form D i x · D j y with i + j a multiple of p and i, j > 0, with the only exception of the term xy.
Note that the terms of
In particular, Lemma 2.1 follows in case D p = 0. We mention in passing that Lemma 2.1 can also be proved by direct manipulation of the (finite) power series involved, along the lines of the standard verification that exp(D) is an automorphism in characteristic zero (see [10, p. 9] ). Alternatively, one can prove the equivalent version of formula (2.1) obtained by applying exp(−D) = exp(D) −1 to both sides. However, each of these proofs involves a rather subtle application of some standard modular binomial identities and turns out to be less straightforward than the more general proof of Theorem 2.2 given above.
Our main result, Theorem 1, which we have stated in the Introduction, follows at once from Theorem 2.2. Note that the derivation D is graded of the same degree d also with respect to the new grading given by Theorem 1, because it commutes with E p (D).
We point out that Theorem 1 finds application also to cyclic gradings where the condition m | pd is not satisfied. For instance, in Section 5 we will be interested in starting from a grading of A over the integers, that is, with m = 0. In fact, Theorem 1 then applies to the grading A = jĀ j over the integers modulo the greatest common divisor (m, pd), which is obtained from the given grading by settingĀ j = {A i | i ≡ j (mod (m, pd))}. Clearly, D is also a graded derivation of degree d (viewed modulo (m, pd)) with respect to the new grading.
We record explicitly the following special case of Theorem 1 where D p = 0, which does not involve the Artin-Hasse exponential and needs only Lemma 2.1 for its proof. 
an expression occurring in Lemma 2.1, is the primary obstruction
to extending the approximate automorphism
to an approximate automorphism of higher order. For important classes of algebras (associative, commutative or Lie) this obstruction belongs to Z 2 (A, A) (that is, it is a 2-cocycle) in the appropriate cohomology theory, and so it can be interpreted as an infinitesimal deformation of A. A basic result of deformation theory states that this type of infinitesimal deformation can always be integrated to a formal deformation of L. The proof makes use of an Artin-Hasse exponential, as in [8, Section 6], or some variation of it as in [7, Theorem 2] . We discuss such variations in Remark 2.5.
Gerstenhaber's theory as in the references quoted deals with formal deformations. Informally, and referring to [8] 
is equivalent to the null deformation, that is, trivial. In particular the deformed algebra A t is obviously isomorphic (as an F-algebra) with A[[t]] via E p (tD). Because of Theorem 2.2, all exponents of t appearing in the normal form of the right-hand side of the formula are multiples of p, and so one can replace t p with t. The resulting deformation may not be trivial anymore, but has Sq p (D) as the coefficient of t, that is, the associated infinitesimal deformation. In essence, this is the proof of the result on the integrability of Sq p (D) referred to above.
Our assumption that D is nilpotent allows us to evaluate the formal deformation for t = 1. With a slight abuse of terminology, E p (D) then gives an isomorphism of A onto the deformed algebra A 1 which coincides with A as a vector space but is endowed with the multiplication given by x · 1 y. Theorem 1 expresses the fact that the grading A = i A i of A is also a grading of the deformed algebra A 1 .
Remark 2.5. There are many series which can replace the Artin-Hasse exponential series in Theorem 1. The simplest variation is any power series of the form exp 
has only terms of total degree a multiple of p. We prove in [13] that this occurs exactly when
, where we have found convenient to denote byĒ p (X) the reduction modulo p of the ArtinHasse series. In particular, excluding the trivial case where c = 0, all such variations yield the same grading of A. Nevertheless, in specific situations some series may be more convenient than others, as Example 2.6 illustrates. Another condition which characterizes among all series
has only terms of total degree a multiple of p, is that
for some c ∈ F p This is also proved in [13] , and will be used in Section 3. Example 2.6. According to Remark 2.5, all freedom we have working modulo X 2p is essentially replacing E p (X) in Theorem 1 with E p (X)(1 + cX p ) for some c = 0, . . . , p − 1 (since only the reduction of the series modulo p will matter). In particular, if we take c ≡ −1/p−1/p! (mod p) the series will have no term of degree p, which can be convenient in certain situations. This occurs in the paper [1] , where we evaluate the Artin-Hasse exponential series on a derivation D of the Lie algebra H(2 : n; ω 2 ), which is a certain Lie algebra of Hamiltonian Cartan type, and the derivation satisfies D 2p = 0. With that choice of c, the series coincides modulo X 2p with exp(
An alternative expression for the coefficients of the series can be given by means of the identity
which is valid also in characteristic zero, see [4, p. 168 ].
A connection with toral switching in modular Lie algebras
A type of grading which is ubiquitous in the theory of Lie algebras is the root space decomposition of a Lie algebra with respect to a nilpotent subalgebra. These gradings are by construction over the additive group of the ground field, and hence over elementary abelian p-groups in the case of finite-dimensional Lie algebras over fields of positive characteristic. In the study of restricted (modular) Lie algebras, tori are actually more convenient to use than nilpotent subalgebras. In fact, any restricted nilpotent subalgebra H contains a unique maximal torus T , and the root space decomposition of L with respect to H coincides with the eigenspace decomposition of L with respect to ad L (T ).
A fundamental technique in this subject, introduced by Winter in [18] and then extended in [2] , [17] , [3] and [14] , goes under the name of toral switching. Roughly speaking, it consists in replacing a torus T of L with another torus T x obtained by applying to T some kind of exponential of an inner derivation ad x of L. While exponentials of derivations (when defined) in characteristic zero are automorphism, this is not so in positive characteristic, as we have already discussed in the Introduction. Consequently, the new torus T x may have very different properties from the original torus T , and may be better suited for structural investigations of L. A crucial necessity for the applications of toral switching is the construction of linear maps mapping the root spaces with respect to T bijectively onto the root spaces with respect to T x . The truncated exponential of ad x used to this purpose in [18] and in [2] had to be replaced by more complicated maps in the generalizations that followed.
The most general version available of toral switching is due to Premet [14] , and an exposition can be found in Section 1.5 of Strade's recent book [16] . Following the notation of that book, we illustrate the relevance of the present work to toral switching in the special case where the element x is p-nilpotent. Thus, let L be a restricted Lie algebra (in characteristic p) with p-mapping [p], let T be a torus of L and let L = α∈Γ L α be the corresponding root space decomposition. Here (differently from [16] ) we may take Γ to be the F p -subspace of the dual space of T spanned by the roots with respect to T . Suppose that x ∈ L β is p-nilpotent, that is, x i for t ∈ T , and T x = {t x | x ∈ T }.
We deviate slightly from the notation of [16, Section 1.5] by introducing the formal power series
where for i = p − 1 we naturally read
Since x is pnilpotent, and hence ad x is a nilpotent linear map, we can evaluate the series S(X) on ad x. (The resulting linear map coincides with what is denoted by E (x,−1) in [16] . In fact, we have ψ n (x) = 1 and ψ k (x) = 0 for k < n, whence (x, −1) ∈ X , and ξ(x, −1)
k .) Theorem 1.5.1 of [16] then states that T x is also a torus of L, and that L = α∈Γ S(ad x) L α is the corresponding root space decomposition. (The theorem also gives an explicit description of the roots of L with respect to the new torus T x .) We now show that the power series S(X) is one of the variations of the ArtinHasse exponential which we have described in Remark 2.5. Consequently, the assertions, implicit in Theorem 1.5.1 of [16] , that S(ad x) is bijective on L and that L = α∈Γ S(ad x) L α is a grading of L (under our additional assumption that x is p-nilpotent), are also consequences of Theorem 1 together with Remark 2.5. The fact that the group Γ is not cyclic is immaterial, because the grading L = α∈Γ L α can be obtained by intersecting the root space decompositions of L with respect to t 0 and T 0 , where t 0 is any element of T with β(t) = 0 and T 0 = {t ∈ T | β(t) = 0}. In fact, the former grading is over a cyclic group, for which Theorem 1 applies, while the latter grading is unaffected by applying S(ad x), because x belongs to the null component C L (T 0 ) of the grading. According to Remark 2.5, it remains to show that
for some c ∈ F p . We have
We have used the fact that
which holds in any associative algebra.
The fact that toral switchings with respect to a p-nilpotent element x can be explained in terms of the grading switchings introduced in the present paper suggests that it might be possible to extend Theorem 1 to cases where the derivation D is not nilpotent, toward an extension of Theorem 1.5.1 of [16] to gradings over groups of exponent higher than p (and, hence, unrelated to tori).
Derivation algebras
An automorphism α of a non-associative algebra A always induces an automorphism x → αxα 
bears a similarity with that of the former basis, except that now the exponent i+j+1 is to be read modulo p when it exceeds p − 1. If p > 3 the new (Z/pZ)-grading of L, unlike the original one, is not induced by any (Z/mZ)-grading with m = 0 or a power of p greater than p. We omit a proof here since we will deal with a more general situation in Example 5.3. It is easy to see that the cases p = 2 and p = 3 are genuine exceptions: the Witt algebra, which is soluble in characteristic two, and is isomorphic to sl(2) in characteristic three, does not possess such "genuine" (Z/pZ)-gradings in these cases.
; in fact, the latter is not even a derivation in general, except when i = 0, 1. Specifically, for 0 ≤ i, j < p we have 
Since D R and D L are nilpotent commuting linear operators we deduce that
Therefore, we have
and the conclusion follows since y
The conclusion of the proof also shows that if p is odd and D Note that the multiplicative structure of A plays no role in the proof. By taking for A an algebra with the zero multiplication, that is, simply an L-module, and then allowing the corresponding representation of L not to be faithful, we obtain the following special case.
i L i be a Lie algebra over a field of characteristic p, graded over the integers modulo m, and let V = i V i be a graded module for L. Let D : V → V a nilpotent linear map, homogeneous of degree d with respect to the grading, with m | pd. Then V is also a graded module for the graded algebra
where the indices are viewed modulo m.
Some examples, and the proof of Theorem 2
We present a few examples to illustrate our results. The first two examples deal with a derivation of a commutative (associative) algebra, and in the third example a derivation of a Lie algebra is considered. The Artin-Hasse exponential is actually not needed in the examples, but only in the proof of Theorem 2, which follows them. 
However, exp(D) sends the Z-grading i Fx i to a Z/pZ-grading, according to Theorem 2.3 and the comment which follows it. In fact, in case b + d ≥ p we have
the case s = 0 in Example 4.1, we see that
With the help of these formulas we now show that if p > 3 the (Z/p s+1 Z)-grading of W (1 : n) associated with the basis {F i } cannot be obtained from a Z-grading or a grading over Z/p r Z with r > s + 1 by reduction of the degrees modulo p s+1 . Consider any grading of W (1 : n) for which {F i } is a graded basis, and denote by deg the corresponding degree function. Since [F −1 , F i ] is a nonzero multiple of of the Zassenhaus algebra W (1 : n) considered in the above proof coincides up to a sign with the cocycle denoted by χ s in [6] . As is observed there, the obstruction can be integrated to a deformation of W (1 : n) which does not change its isomorphism type. We have already discussed this phenomenon in Remark 2.4.
Remark 5.5. The grading switching performed in the proof of Theorem 2 coincides with a toral switching only in the case n = 1. In this case W (1 : n) is restricted, and the (Z/pZ)-grading obtained from the standard grading by reducing the degrees modulo p coincides with the root space decomposition with respect to the torus spanned by E 0 = x∂. Toral switching with respect to the element E −1 = ∂ of W (1 : 1) produces the torus (1 + x)∂ , and the corresponding root space decomposition coincides with the new grading constructed in the proof of Theorem 2. When n > 1, the root space decomposition which is closest to the standard grading of W (1 : n) is that with respect to the maximal torus T spanned by E 0 , and is obtained from the standard grading by reducing the degrees modulo p. But the standard grading and the new grading produced in the proof of Theorem 2 yield the same (Z/pZ)-grading by reducing the degrees modulo p. Therefore, the present grading switching is not connected with any toral switching.
